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0.1 Introduction: Novel Designs for Silicon-Based Unipolar Intersubband Lasers

This contract has focused on designs of silicon-based quantum well intersubband lasers. There
are several strong motivations for this effort. First, present infrared lasers are fabricated from
III-V semiconductors and so require hybrid integration with silicon based microelectronics. To
have a fully silicon based laser monolithically integrable with advanced silicon microelectronics
would be a significant advance with respect to cost and simplicity of processing. Silicon and
silicon/germanium have not been used for optical applications primarily because of the fact
that their energy band gaps are indirect. This means that in order for an electron to absorb
radiation (a photon) and be promoted from the valence to the conduction band, crystal
momentum must be supplied by the lattice vibrations (phonons). Similarly, in order for an
electron and hole to recombine and emit radiation, crystal momentum must be provided by the
phonons, substantially reducing the efficiency and making the process strongly temperature
dependent. This limitation (the indirect bandgap) can be avoided by considering transitions
within the conduction band or valence band alone, but not between them, i.e. (unipolar)
intersubband processes but not (bipolar) interband processes. We have studied such
intersubband transition in confined quantum well structures where the energy levels and hence
the photon energy are tunable by changing the dimensions of the quantum well and barrier.
This is another major advantage of quantum well bandgap engineering. We have considered
only unipolar hole injection in the valence band because the conduction band offsets are
negligibly small for growth on a pure silicon substrate. A finite conduction band offset is
possible for growth on a silicon/germanium alloy buffer layer, but this was not considered in
the present work for operation in the conduction band. The silicon/germanium alloy buffer
layer was considered, however, for the strain-symmetrized silicon/germanium short period
superlattice for operation in the valence band, described later in this report.

1.1 Comparison with Prior Work and Motivation for Present Work

There has been considerable published work [1]on intersubband lasing using the III-V
semiconductors InGaAs and InAlAs. An injected electron (in this case) successively transits
some 25 active periods in an applied electric field and has the possiblity of emitting a laser
photon in each period. This is called the Quantum Cascade Intersubband Laser (QCL) shown
in figure 1. Initially , when we considered this design for our silicon-based intersubband laser
operating at short wavelengths (1.6 microns), it was apparent that in order to energetically
align the lower lasing level of a given period with the upper lasing level of the next period, an
excessively large electric field would be required , possibly resulting in electrical breakdown.
To avoid this, we considered the Quantum Parallel Laser (QPL) in which the active periods are
addressed in parallel rather as a periodic superlattice. This is shown in figure 2. Population
inversion has to be achieved in the QPL by bandgap engineering of a multiple well superlattice
period or by using local-in-k space population inversion which arises from the nonparabolicity
of the valence subbands (minibands in the case of a superlattice). Both cases will be described.
It will be shown that when coupled wells are used to engineer the population inversion, the
wavefunction overlap of one superlattice period to the next is too small to give sufficient
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miniband transport for the QPL to operate satisfactorily.-Hence, we focused on the local-in-k
space population inversion mechanism which requires knowing (calculating) the in-plane
energy dispersion to see if the nonparabolicity is sufficient for this mechanism to work.

1.2 Early models of Inplane Dispersion

Previous work showed that the quantum parallel interminband laser in which each active
region consists of coupled quantum wells will not perform satisfactorily. This is shown in
figure 3. Here the well and barrier widths are adjusted so that the lifetime of the upper lasing
level is longer than the lifetime of the lower lasing level. This can be engineered because the
lifetimes depend on the wavefunction overlap which can be varied by changing the width of the
barrier between the active wells. The reason that this structure cannot act a superlattice is that
the internal barriers within each active region, which are required to bandgap engineer the
subband lifetimes, also severely decrease the wavefunction overlap from one active period to
the next; this kind of 'lifetime engineering' is required in silicon-based structures since the
transition rates are independent of momentum transfer as in the III-V's. A publication resulting
from this study is reference 2, Photonics Technology Letters, May 1997, and is reproduced in
Appendix A. '

A more tightly coupled superlattice with larger wavefunction overlap and wider minibands is
needed. One potential candidate is the ATT InGaAs/InAlAs quantum cascade laser
(QCL)which does not achieve 'global' population inversion, but only 'local-in-k-space'
population inversion [3]. A necessary (though not necessarily sufficient) condition is that there
be enough band nonparabolicity that the emitted photon cannot be reabsorbed along the in-
plane dispersion curve except at k¢=0. Thus, for k¢ #0, the intersubband energy difference
must differ from the photon energy by more that the linewidth of the upper level,see figure 4.
This mechanism requires only a single quantum well and barrier per superlattice period and so
has the potential of providing sufficient interperiod electronic overlap and wide enough
minibands for coherent transport. The modeling has to determine whether the interactions
among the valence HH and LH bands gives rise to sufficient band nonparabolicity for this
mechanism to work, and the band mixing as a function of in-plane momentum to obtain the
optical phonon emission rate.

Our progam was to study that mechanism initially for the GeSiix /Si QPL to determine
whether there is sufficient in-plane nonparabolicity for this mechanism to work, and , if so, to
determine the nonparabolic energy dispersion and the admixture of light hole and heavy hole
wavefunctions as a function of k. The last item is important because the initial excited state is
at k=0 and is therefore entirely heavy-hole like. By emitfing an optical phonon to a final state
with ke #0, the latter is an admixture of heavy-hole and light-hole states. Since the electron-
phonon interaction between states with different Bloch functions is small, the lifetime of the
upper level will be increased if there is a large admixture of light-hole wavefuction in the final
state, enhancing the possibility of population inversion.



For the Ge,Siy.« /St QPL, our procedure was as follows: To model the in-plane dispersion, we
used the 6 band (k.p) secular determinant of People and Sputz [4]. This includes all
interactions in the valence band and only neglects possible interactions with the conduction
band. Specifically, the secular equation for the energy eigenvaluesis

He[-SeLe + (D/2'%-2"%)* 1 + |af* [(3/2)Hg +{1/2)Lg + Sg-(D-2e)]

+[bf? [2Lg +Sg +2D -4e] +3** Re[ (2)b] =0, 1)
where

Heg=H-E, Lg=L-E, Sg=S-E,

H=Hu+e, L=Hy-e, S=1/2(L+H)-D,
Hu= - h%2mo [(ke* + ky*)(@1 +g2) k. (g1-282)],
Hip = -h*/2mo [(ke* + ky*)(g1- g2) k. (21+282)],

a=3"2h*/my [ky(k - iky)gs],

b= 3"2h%2mg[ (k- k,*)gs-2ikekygs],

D=(Hu- Hy,), j | | @
E is the eigen-energy, e is the strain energy, h is Planck’s constant, the g; are the Luttinger

inverse effective mass parameters, D is the spin-orbit splitting, and the other symbols have their
usual meanings.

The confinement wavevector k, is determined from the solution in the growth (z) direction
using appropriate values of the perpendicular effective masses m, in the well and barrier.
Initially, for particular values of germanium composition x, zone center ( k=0 ) effective
masses were used to obtain the confinement energies and the corresponding wavevectors
ko(well)=[2meE/h’]" and k(barrier)=[2mMpumie Vomse-E)h?]"2. For these latter values, in-
plane dispersion was then calculated as a function of k,. While the dispersion of HH1 appeared
plausible, that of HH2 had a large negative hole mass which seemed unphysical. One possible
error is the assumption that m, of the well and barrier remain constant with increasing k. The
procedure was then modified as follows:



(1) Values of k.(well) and k,(barrier) corresponding to k=0 were taken,
(2) A value of k¢ #0 is chosen,

(3) Values of my(well) and m(barrier) are computed from the People Sputz dispersion
relation[4] using the finite difference approximation to the second derivative of E with respect
to k, for the given value of ky and the values of k,(well) and k.(barrier) of step (1),

(4) Confinement energies are calculated for these values of m,(well) and m,(barrier) and
corrected values of k,(well) and k,(barrier) are obtained,

(5) Steps (3) and (4) are iterated to convergence,

(6) The energy is then E=E(k,k,), where k, is the value chosen in step(2) and k, is obtained
from step (5).

Though producing some changes in the in-plane dispersion, this procedure did not correct the
difficulties described above.

1.3 Studies of GaAs/Al,Ga;yAs Quantum Wells

In view of the above difficulties in fitting the in-plane dispersion of Ge,Siy /Si quantum wells,
we tried to obtain the in-plane dispersion of GaAs/Al,Ga,yAs quantum wells. This is a better
studied material system, and results by other investigators are available. Here we took
2:=6.85, g2=2.1, and g3 =2.9. The spin-orbit splitting of GaAs is A=340 meV. These
quantities were assumed to be the same for the barrier. Three cases were simulated: (1) for the
values of the g; cited above, (2) using the average of g, and gs; this makes the in-plane
- dispersion isotropic but does not give the correct confinement energies (3) neglecting the small
difference between g, and gs, effectively replacing g; by g . This gives isotropy and also the
correct confinement energies. However, the same difficulties were found.

1.4 Bastard’s Method for Calculating the Inplane Dispersion

An alternate and more successful procedure for calculating the in-plane dispersion is due to
Bastard [5]. It starts with the 4x4 Hrg Hamiltonian matrix. The heavy-hole and light-hole
envelope wave functions for finite k, are expanded in the envelope wavefunctions at k,=0. The
dimension of this matrix is [2(m+n)x2(m+n)], where m is the number of bound heavy-hole
(HH) states and n is the number of bound light-hole (LH) states at k,=0. The matrix elements
are expressed in terms of the Luttinger parameters (assumed to be the same for the well and
barrier), the subband energies at k=0, and overlap integrals and momentum matrix elements
between the HH and LH envelope wavefunctions at k¢=0. The diagonalization of this matrix
gives the in-plane dispersion as a function of k.. We studied the case of Ge.Sijx /Si. For



x=0.20, there are m=2 bound heavy-hole levels and only n=1 light-hole level, while for both
x=0.25 and x=0.50, there are m=2 heavy-hole levels and n=2 light-hole levels.

We focused on the case x=0.50, since this choice leads to emission at shorter wavelengths.
The latter case requires finding the eigenvalues of an 8X8 matrix which was easily done on
MATHCAD. The results appear to be physically correct. The coupling pushes the HH1 curve
to lower energies, while the HH2 curve is pushed to higher energies, thus increasing the HH2-
HH1 energy difference. We consider this to be a more satisfactory situation than the
InGaAs/AllnAs local in k-space intersubband laser, for which the conduction band
nonparabolicity decreased the intersubband energy difference with increasing ky. The amount
of nonparabolicity appears to be sufficient for this mechanism to be viable.

We considered a QPL each period of which consists of 25 A of Geo.sSio.s (well) and 15 A of Si
(barrier), so the period is P=40 A. The critical thickness of the GeosSios layers is 45 A for
stable strain and 100 A for metastable strain; for the superlattice stack as a whole,
corresponding to the average germanium content of x(avg)=0.313, the critical thicknesses are
80 A and 400 A for stable and metastable strain, respectively. So, with care, a suitable
pseudomorphic superlattice of four or five periods can be grown. The heavy-hole (HH) valence
band offset is 450 meV and the light-hole (LH) offset is 371 meV; the effective masses at k=0
are myy =0.240 mp and myy =0.178 mo for the well and mypy =0.291 mo and mpy =0.200 my
for the barrier. We solved for the energy levels of the isolated wells and then for the minbands
of the superlattice. The lower HH miniband extends from 96.2 meV (at kg =0)to 117 meV (at
kg =n/P), so its minibandwidth is 20.8 meV. The minimum of the upper HH minband is at
347.5 meV at the minizone boundary (kg =n/P); it is 115 meV wide and extends into the
continuum above the HH barrier and has a maximum at kg =0.

Thus the tunnel injected hole relaxes to the bottom of the second miniband at the minizone
boundary. Using the envelope wavefunctions for HH1,HH2, LH1 and LH2 at kg =n/P, we

computed the overlap and momentum matrix elements need to obtain the in-plane dispersion.
These are of the form

O, Lm =Jd2 me(Z)* fLn(2), Oz, L2 =Jd2 fHHZ(Z)* fLia(2),

Pri, Li2=dz finnn(2) [d/dzfLin(2)], 3)
P, tin=dz finna(z)” [d/dzfun(2)],

Here, the fi(z) are the k=0 envelope functions.at kq =1t/P., where ki is ;clle in-plane momentum.

As described in the previous section, m=2 and n=2, so the dimension of the matrix determining
the in-plane dispersion is 2(m+n)x2(m+n) =8x8. The matrix appears explicitly in figure 5.



In Figure 5,

i, L =C(k,ky) Oy (1,j=1,2),

b, gy =b(ke ky)Prosinr,  (1,j=1,2),

ok ky)= 32 Eq [ga(ke®-k,)-i2g3keky ], @
bks,ky)= 2*3"2 Eo(ky-ik,)gs(-0),

Eo=h%/2m, =3810 meV*A?

Starting with the energies at ky=0 , the in-plane energy dispersion is plotted as a function of ky
for the HH1, HH2, LH1 and LH2 levels in figure 6. Also shown are the dispersion curves in
the absence of interaction, denoted by '0'. It is noted that the HH1 energy is pushed to lower
hole energy, increasing its effective mass in the growth (z) direction, a general result as pointed
out by Bastard. On the other hand, the HH2 curve is pushed to higher energies by the
interaction. Thus the energy difference between HH1 and HH2 increased with ky , a more
satisfactory kind of nonparabolicity than in the III-V InGaAs/AlGaAs where the difference
decreased with k.. The amount of nonparabolicity predicted by the above calulation appears to
be sufficient for the local-in-k-space mechanism to work, though the furthur details of this
mechanism have yet to be worked out. A publication of this work appeared in Journal of
Applied Physics, reference [6] , and is reproduced in Appendix B. '



1.5 The Method of Andreanti et al

The Quantum Parallel laser in the SiGe material system operates between two heavy hole
minbands in the valence band. Due to the k.p interactions among the valence bands (heavy-
hole, hh; light-hole, Ih; split-off, so) the inplane energy dispersion E(ky), where ky is the
wavevector in the plane of the layer, is highly nonparabolic. Then, because the photon emitted
at k/=0 cannot be reabsorbed except at k;=0 (due to the above nonparabolicity), the population
inversion is local in ky space (at k;=0) , rather than globally over the entire E(k/) dispersion
curve.

Bastard’s method for calculating the inplane dispersion described in section 1.4 assumes that
the Luttinger parameters of the well and barrier are the same, and , if they differ, an average is
taken. Thus, his method is only approximate. Instead of the Ge.Siix /Si superlattice on a Si
substrate, we next considered the Si/Ge strain-symmetrized short period superlattice on a
Ge,Siy buffer layer (y=0.5 for equal thicknesses of Si and Ge).- This has a number of
advantages over the previoulsly described GeysSio.s /Si superlattice on a Si substrate: First, the
strains in the Si andGe layers are opposite in sign so that no integrated strain energy is
accumulated for a multilayered system and ideally there is no limit on the height of the
superlattice, as long as the individual layer thicknesses are below their critical thichness for
pseudomorphic growth; this in not the case for the

GeosSios /Si superlattice on a Si substrate where a net strain energy is accumulated.
Secondly, compositional rounding of the Ge concentration in the growth of the Geo.sSip.s wells
is avoided. This rounding distorts the shape of the quantum wellls, changing the subband
energies. Thirdly, alloy scattering is avoided, leading to longer lifetimes. So, we considered the
Si/Ge strain-symmetrized short period superlattice on a Ge,Siy buffer layer . Here it was
recognized that the Luttinger parameters (and other properties) of Si and Ge are very different
, so another method is required which takes these differences explicitly into account. Such a
method will be especially important for future work on e.g. the Si/ZnS system where the two
materials have very different properties. Such a procedure is given by Andreani, Pasquarello,
and Bassani [ 7 ] . These authors exactly solve the multiband effective mass equation for the
valence band envelope functions, analogous to the solution for a single parabolic band with
different effective masses for the well and barrier. Imposing continuity of the multiband
envelope functions and currents at the heterointerfaces leads to a 16x16 determinant which can
be reduced to an 8x8 determinant by symmetry arguments. From the zeros of this determinant
the inplane dispersion E(k;) can be determined. Andreani’s algorithm was programed in
MATHCAD , in particular setting up and evaluating the 8x8=64 matrix elements in their
secular determinant for an isolated quantum well. The authors pointed out that their method
can be extended from an isolated quantum well to a periodic superlattice, but that here one
must deal with the full 16x16 determinant. This extension was done at a later stage.



1.6 Calculation of Band Offsets for the Strain-Symmetrized Si/Ge Superlattice

The conduction and valence band offsets of the Ge/Si superlattice on a Si0.Ge0.5 buffer
layer have been calculated following the procedure of Kahan, Chi, and Friedman [8]. The
offsets of the Ge and Si layers are found with respect to the Si0.Ge0.5 buffer layer , which
then determines the offsets of Si and Ge with respect to one another. The detailed procedure
is as follows:

Three band model (heavy hole, light hole, split-off spin orbit band):

For both the Si and Ge layers, the average valence band energy including spin-orbit
interaction and hydrostatic strain is given by
Ev,avl = Ev,av +A /3 +a, (2-}\,)6,
where Ey, is the average valence band energy in the absence of spin-orbit and hydrostatic
strain ( Ey.=-7.03 eV for Si and -6.35 eV for Ge), A isthe spin-orbit energy

(44 and 290 meV for Si and Ge, respectively) , a, is the hydrostaic deformation potential
(2.4 6 and 1.24 eV), and k—2C12/ Cy, where Clz and Cy, are the elastic constants

( C12=0.650x10" dyn/cm 0.494x10" dyn/em?, Cap=0.801x10"" dyn/cm’,

0.684x10" dyn/cm? for Si and Ge, respectively), e is the inplane strain.with respect to the
Sio.sGeo.s buffer layer, e=+0.02 for Si (tensile strain) , and -0.02 for Ge

(compressive strain). We calculate Ey»y =-6952.7 meV for Si and -6284.3 meV for Ge.
The next step is to add to these quantities the splittings due to uniaxial shear. These are[4]

dE(hh)=e, (hh=heavy-hole)
dE(Ih) = -1/2(e+A)+1/2[ &2 + A? -2eA]"  (Ih=light hole)
dE(s0) = -1/2(e+A)-1/2[ e*+ A 2 -2eA]"? (so= split-off)

We calculate dE(hh) = -77.6 mev, dE(Ih) =+142.27 meV, dE(so)=-108.66 meV for
Si and dE(hh) = 100 mev, dE(th) =-24.61 meV, dE(so0) =-365.44 meV for Ge. Finally,
Ev(i) = Ev'+ dE(i), where i=hh,lh,so. We obtain

Ev(hh)=-7030.3 meV, Ev(lh)=-6810.43 meV, Ev(s0)=-7061.36 meV for Si and

Ev(hh)=-6184.3 meV, Ev(lh)=-6308.91 meV, Ev(s0)=-6649.74 meV for Ge. The valence
band offsets of Ge/ Si are then

V(hh) = Ev(hh, Ge)- Ev(hh, Si)= 836 meV, V(lh) = Ev(lh, Ge)- Ev(lh Si)=501.5 meV,
V(so) = Ev(so, Ge)- Ev(so, Si)=411.62 meV,



The band alignment is type II, holes are confined to the Ge layers and electrons to the Si layers.

Two band model (heavy hole_ light hole):

Models for calculating the inplane dispersion use only the heavy and light holes, and the

split-off spin orbit band is neglected. So, to be consistent, the offsets should be obtained

for the two band case. This is obtained from the three band case by letting the spin-orbit
splitting A—cc, i.e. making the split-off band infinitely remote. We then

obtain -

dE(hh) = -77.6 mev and dE(th) =+77.6 meV for Si, and dE(hh) = 100 mev,

dE(lh) = -100 meV for Ge, so that

Ev(hh)=-7030.3 meV, Ev(lh)=-6875.1 meV for Si and

Ev(hh)=-6184.3 meV, Ev(lh)=-6384.3 meV for Ge.

So for the two band model, the valence band offsets are V(hh) = Ev(hh, Ge)- Ev(hh, Si)
=836 meV,

V(lh) = Ev(lh, Ge)- Ev(lh, Si)=490.8 meV,
V(hh) is the same and V(th) not much different from the three band case.
The results are shown in Figure 7.

1.7 Analysis of the Strain-Symmetrized Si/Ge Superlattice for Intersubband lasing

As previously discussed , the strain-symmetrized Si/Ge superlattice on a Si0.Ge0.5 buffer
layer (on a Si substrate) has a number of advantages over the previously described Si0.Ge0.5
/Si superlattice quantum parallel laser diode. First, the strains in the Si and Ge layers are
opposite in sign so that no integrated strain energy is acquired for a multilayered system and
ideally there is no limit on the height of the superlattice; this is not the case for the Si0.Ge0.5
/Si system. Secondly, compositional rounding of the Ge concentration in the growth of the
Si0.Ge0.5 alloy layers is avoided. This rounding distorts the shape of the quantum wells,
changing the subband energies. Thirdly, alloy scattering is avoided. leading to longer lifetimes.
We are therefore investigating the strain symmetrized Si/Ge system rather than the alloy
system.

Summary of Results: A unipolar p-i-p silicon-based intersubband laser consisting of a
symmetrically strained Ge-Si superlattice on a relaxed Si0.5 Ge0.5 buffer layer was modeled
and analysed. The strain-symmetrization removes the limitation on the size of the superlattice.




Analysis of the in-plane energy dispersion shows that the population inversion is local-in-k-
space. For a 11ML/11 ML superlattice (15.4 A/15.4 A), interminiband lasing between HH2
and HH]1 is predicted at A= 2.26 mm. From the envelope functions and material properties,
the minband lifetimes and laser gain are calculated. For a current density of 10000 Alem?, a
gain of G =96 cm’! was calculated

In section (1.4), simulations of a p-i-p coherently strained Si0.5 Ge0.5/Si superlattice laser
were presented. Calculations were made of the local-in-k-space population inversion between
the nonparabolic heavy-hole valence subbands, HH1 and HH2. Lasing was predicted at A= 5.4
mm with a lifetime difference of 2.4 ps. Here we present a similar study for the symmetrically
strained Si/Ge superlattice grown on a Si0.5 Ge0.5 buffer layer. However, this system has
several advantages over the Si0.5 Ge0.5/Si superlattice laser. First, since no integrated strain
is accumulated in the structure, there is no limitation on the size of the superlattice as long as
the individual layer are below their critical thicknesses. In addition, compositional rounding of
the Ge concentration is avoided , the structures are simpler to grow, and' alloy scattering is
eliminated. Furthur, the Si/Ge superlattice has large band offsets so that lasing wavelengths in
the mid to near infrared are possible. Specifically, we propose a superlattice structure with
equal layer thicknesses of Si and Ge layers [11. monlayers (ML)/11 (ML) ; 15.4 A/ 154 A]
on a Si0.5 Ge0.5 buffer layer grown on a Si substrate. The Ge layers are under 2%
compressive strain and the Si layers under 2% tensile strain. By calculating the band offsets
with respect to the substrate, the band offsets of the Ge and Si layers with respect to one
another are obtained. The band alignment is type II, with holes tending to be in the Ge layers
and electrons in the Si layers. For a unipolar p-i-p structure, hole transport occurs in the Ge
wells confined by Si barriers. As shown above, the heavy-hole valence band offset at k=0 is
found to be Vi =836 meV and the light hole offset Vi =501 meV, where ky is the inplane
crystal momentum. The bandedge energy diagram is shown in figure 7 , where the conduction
band offsets are deduced from earlier work by Abstreiter et al. This superlattice gives rise to
two heavy-hole (HH) minibands. The lowest (HH]1) is centerred at 252 meV above the heavy-
hole band edge in the Ge wells and is 24 meV wide, sufficient for miniband transport rather
than incoherent hopping. The next higher heavy-hole miniband (HH2) is centerred at 930 meV
and is 228 meV wide, extending into the continuum. Between these is the light-hole miniband
(LH1) extending from 300 to 400 meV with respect to the heavy-hole band edge.

Because of the interaction of the minibands, the inplane energy dispersion is highly
nonparabolic. Specifically, the energy difference between HH! and HH2 increases with
increasing inplane wavevector kg. As first shown for the InGaAs/InAlAs system, the photon
emitted at k=0 cannot be reabsorbed at finite: ky if the energy difference exceeds the photon
energy by more than the line width of the upper level. The population inversion is not over the
entire minbands but is only local in k-space ( at k=0 ). It follows from that fact that the
optical phonon mediated intersubband lifetime (HH2-HH1) is longer than the intrasubband
lifetime (HH1-HH]1). In addition, the effective lifetime of the lower state is decreased by the
probability that the hole will tunnel to the collector. Because of the large energy difference in
the present example, some 12 intrasubband cascades are required to reach the vicinity of k=0
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and it may tunnel at each cascade. Thus the effective lower state lifetime is reduced
considerably.

Since the Luttinger parameters of Ge and Si are quite different, the inplane energy dispersion
was calculated by the method of Andreani et al [7]. Though their method can be generalized
for a superlattice, we consider an isolated Ge quantum well surrounded by Si barriers. An
outline of their procedure is as follows: Starting from the 4X4 Luttinger Hamiltonian, the bulk
hole dispersion is found for the light and heavy holes. For a given value of the inplane
momentum kyand energy E, the corresponding wavevectors for the light and heavy holes, kz=
k(E) and ky(E), are found. Next, from the continuity of the four component wavefunctions
and currents at the well and barrier interface z=L/2, an 8X8 determinent is obtained in which
the previously obtained values of k(E) and ky(E) are substituted. The zeros of the
determinant D(E, k) give the eigenvalues E for the given value of ky. In practice, D(E, k) is
plotted as a function of E to locate the approximate position of its zeros and then a search
determines where D(E, ky) =0.

Miniband Transport

For the Ge well, the Luttinger parameters are g;,=13.4, g»w=4.25, g3.w=5.69, while for the Si
barrier, g=4.22, g2=0.39, gn=1.44. The Ge wells are under 2% compressive strain with
respect to the buffer layer and the strain energy is calculated to be 100 meV. The heavy hole
bandedge lies above that of the light hole bandedge at k/~=0 by this amount. Similarly, the Si
barriers are under 2% tensile strain with a strain energy of -77 meV, the light hole edge lying
above that of the heavy hole edge by 77 meV. Taking these uniaxial splittings into account,
the heavy-hole valence band offset at k/=0 is found to be Viy =836 meV and the light hole
offset Viz =501 meV. The inplane dispersion of HH1 is repelled toward positive energies by
an amount sufficient to render the population inversion local in k space. We consider a strain
symmetrized superlattice with well (Ge) and barrier (Si) widths of 15.4 A . Simulating the
perpendicular transport for the heavy holes ( my=0.2 mo, m=0.291 m,, Vim= 836 meV), we
obtain a lower heavy hole miniband (HH1) extending from 246 meV at ky=0 to 270 meV at
the minizone boundary at ky=n/P, where P is the superlattice period. The minimum of the
upper heavy hole miniband (HH2) is at 827 meV at ky=n /P, just below the barrier, and
extends into the continuum. The optical (lasing) transition occurs at ky=n/P, the emitted
photon having an energy of 547 meV corresponding to a wavelength of A= 2.26 pm. The
much stronger nonradiative process is the emission of a nonpolar optical phonon to a state of
finite inplane momentum on the lower miniband (HH1). From this state, the hole cascades
down to the minimum at ky=0 by sequentially emitting optical phonons. As previously
discussed, since the hole cannot reabsorb the emitted photon, it can only cascade down or
tunnel to the collector. :
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To calculate the intersubband transition rate and therefore the lifetime of the upper state, we
need to know the envelope wavefunctions [i> and > at ky=n/P from which we can calculate
the overlap or interference factor

Gij(q,) =<i | exp(i q. 2)>,

where q_ is the phonon wavevector in the z (growth) direction. Then with

I; = | dq. Gy(qw),

the intersubband scattering rate due to emisssion of an nonpolar optical phonon is given by
Wij = [muy Do / 4nph(hwep)] [n(hoep)+1]T;

where mp=0.2 mq is the heavy hole mass in the well, D=8.7x108 eV/cm is the optical
deformation potential, p=5.32 gm/cm3 is the mass density hw, = 37 meV is the optical
phonon energy of Ge, and

n(@ep)=[exp(heg, /KT)-1]"

is the number of phonons of energy ho,, Although the intersubband transition is a large
wavevector transition, we neglect the dispersion of the phonon frequency and take g, to be a
constant (Einstein approximation); this should introduce only a small error. We calculate at
room temperature

Wij =1.05x10" A sec” Tjj

For the above intersubband transition, we find that 1,=0.0629 A, while for the intrasubband
transition 1;,=0.1758 A, Thus the lifetimes dre

ta= Wal =1.515 psec, and t;;= Wy, =0.54 psec

Thus population inversion is established due to the fact that the intrasubband scattering rate is
larger than the intersubband rate. In addition, there is another factor which leads to a larger
disparity in these rates, namely, phonon confinement. Specifically, there is a large difference is
the bulk optical phonon frequencies of the well and barrier [ voy(Si) =15.5 THz, vop(Ge) = 9
THz], and as a result, the optical phonons tend to be confined. Earlier studies[9]of phonon
confinement for the SiGe/Si heterosystem showed that the intersubband rate was reduced by
approximately a factor of 3 with respect to bulk phonons while the intrasubband rate was
increased by a factor of approximately 2. Applying these correction factors, we obtain
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th' = (Wa')" =4.54 psec, and t;'= (Wy )" =0.27 psec
As stated above, at each downward intrasubband cascade, the hole may tunnel to the

collector. To obtain the probability that the hole reaches the bottom of the miniband, we need
the tunnel rate to the collector which we consider next.

Tunneling Rate

In this section, the tunnel rate form the lower miniband to the collector is calculated. The
centroid of the lower miniband is at 268 meV above the heavy hole band edge. The heavy hole
offset is V=836 meV, the heavy hole mass of the Ge well is my=0.2m,, the mass of the Si
barrier is :

my= 0.291my, and we choose the width of the barrier to be 5 monolayers (7 A). Then with
Eo=3810 meV A’

k(B)=[(E/E¢) my]"*, k(E,V)=[V-E)my/Eo]"

e(E,V)=[ k(E,V) my/ k(E)my - k(E)my/ k(E,V) my],

The transmission probability is

T(E,a,V)=|exp(-i2k(E)a)/ cosh(Zk(E,V)a)+i(e(E,V)/2)sinh(2k(E,V)a)l2

For the above specified values of the parameters, we calculate

T(E,a,V)=0.189

The mean group velocity of the lower miniband is v=AE P/2h,

where AE=24 meV is the width of the lower miniband and P=30.8 A is the period. This gives
v=5.6x10° crn/sec.

Choosing 10 periods, the time for a hole to transit the structure is

t,=0.55 psec
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The tunelling rate is

W =(1/ty) T(E,a,V)

We calculate

Wi =0.35 psec™ , tun =( W) =2.9 psec.

At each intrasubband cascade, the probability that the hole will not have tunneled to the
collector is

Wintra/ (Wintra + W) = tun / (tun + tina)=0.91

If we take 10 cascades, the effective lifetime of the lower state is

t; =(0.91)" t,,,=1.16 psec,

while the previously calculated lifetime of the u.pper level is

tu =4.54 psec.

Laser Gain

The gain is

G= oy (Nu - NI),

where the cross section

Gu =(4mao/no)(EL/ T) |zuf’,

where a,=1/137 is the fine structure constant, no=3.5 is a mean index of refraction, E =547
meV is the lasing energy, and T is the linewidth of the upper level at kg = n/P; we choose I'
=10 meV. Finally,.

zy = [dzf,(2)2fi(z)

is the optical dipole matrix element, where f.(z) and fi(z) are the envelope functions at the
minizone boundary kg = n/P of the upper and lower levels, respectively.We obtain zy=1 A.
We comment on the small magnitude of z, later. The population difference (N, - Nj) between

the upper and lower states is found from a rate equation analysis of the effective two level
system;
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Ny -Np)=(J/le)ty [1-t1 ] /tu ],
where T is the current density and e is the electronic charge. We calculate
(N, - Np =3.4x10"7 cm™ and

GL= 96 cm’for a current density of J =10000 A cm’; of course the gain Gy, scales directly
with J.

1.8 Asymmetric Strain-Symmetrized Ge/Si Interminiband Laser

Summary: We present quantum-mechanical analysis of a proposed Si-based Ge/Si superlattice
p-i-p laser diode grown upon a relaxed Sio25Geo7s buffer layer. Local-in-k-space population
inversion between hh2 and hh1 minibands at the SL minizone boundary is predicted for the 4.6
um lasing wavelength. Although the 2.94 nm quantum well width is three times the 0.98 nm Si
barrier width, the superlattice has net zero strain. A large dipole matrix element [Z21} = 5.7 A
is calculated, leading to an expected gain of 238 cm-1 at 3 kA/cm2 injection current density.

In the previous section (1.7), we analyzed a unipolar p-i-p strain-symmetrized Ge/Si
interminiband laser on a relaxed SipsGegs buffer layer. Due to the strong valence band
nonparabolicity, the population inversion is local in k-space. With the SipsGeo.s buffer layer,
the well and barrier dimensions are constrained to be equal (W = B) to insure strain
symmetrization . For a 11 ML/11 ML (15.4A/ 15.4A) superlattice, lasing was predicted at
A=2.2 im. However, a small dipole matrix element z;; = 1 A was obtained resulting in a
concomittant small laser gain of Gy = 96 cm’! at a current density of 10 kA/cm?. In this
section, an added degree of freedom is gained by considering a variable composition buffer
layer and unequal well and barrier widths while maintaining overall strain-symmetrization.
Specifically, we consider a Ge-rich Sig.2sGeo.7s buffer and a B/W =7TML/21IML (9.8A/ 29.4A)
superlattice. The wider wells (W=3B) results in a smaller interminiband photon energy, but a
larger dipole matrix element is obtained, | z| = 5.7 A; this is significant since Gy is
proportional to | zxf* . Here the lasing wavelength is A= 4.6 im and we calculate a gain of
G =238 cm™ for a current density of only 3 kA/cm’.

Miniband Stucture and Lasing Transition

The band diagram of our proposed type-II superlattice is shown in figure 8. The
valence band offsets were obtained by the procedure of Kahan et al [8 ] which in turn follow
the procedure of Van de Waal [10 ]. For the Sig25Geo.7s buffer layer, the Si barrier layers are
under 3% tensile strain and the Ge well layers are under 1% compressive strain. The
previously described procedure gives the following valence band offsets of the Ge layers with
respect to the Si: Vi =819 meV, Viy =486 meV.




The location at k,=0 ( ks is the inplane momentum) of the heavy-hole (HH) minibands
is obtained using Vig =819 meV, my = mg. = 0.206 mpy, mp=mg; =0.291 my, where mp
is the free electron mass. The lower HH1 miniband extends from 99 meV to 121 meV, 22 meV
wide, which is sufficient for coherent transport. The upper HH2 minband extends from 389
meV to 487 meV, 98 meV in width. The optical (lasing) transition occurs at the minzone
boundary kg =n/P (P=W+B is the superlattice period) and at k,=0. The energy of the emitted
photon is 268 meV, corresponding to a wavelength of A=4.61im.

Nonradiative Processes

The most rapid nonradiative transition is due to the emission of a nonpolar optical
phonon
(acoustical phonon emission is slower by two to three orders of magnitude). The optical
phonon energy of Ge is hwqy= 37 meV. Now although the 268 meV energy difference at k=0
far exceeds hawey , the optical phonon can be emitted by making a transition from HH2 to HH1
at a finite value of ky. The inplane dispersion of the superlattice at the minzone boundary ky
=n/P was obtained by extending the method of Andreani et al [7] to a superlattice. The result
is shown in figure 8 . The departure from nonparabolicity of HH1 and HH2 is clearly sufficient
for the local-in-k-space mechanism to be operative. In addition to the two heavy-hole bands,
the intervening light-hole band is shown. As explained earlier, the light- hole miniband does
not seriously affect the transition HH2 to HH1.

The procedure for obtaining the minband lifetimes was given earlier. For the
intersubband lifetime we calculate t,," = 1.34 psec and for the intrasubband lifetime t;," = 0.72
psec, so that
tyy >t,, as required for population inversion. Taking into account the effect of phonon
confinement as explained , we get t,; = 4 psec and ty, = 0.36 pséc. Holes occupying the
lower miniband exit to the collector by tunneling through a narrow (4 ML=5.6 A) Si barrier.
Tunneling can occur at each step as the hole cascades by sequentially emitting optical phonons.
A tunneling time 3 psec was calculated and six cascades are required. To obtain the effective
tunnel lifetime , the tunnel time must be multiplied by the probability of the hole reaching the
bottom of the lower miniband. Following this procedure, the lifetimes of levels 2 and 1 are
found to be t; =4 psec and t, = 1.5 psec. We take a steady current density of J= 3000
A/cm? and assume a linewidth of I'=10 meV for the upper level 2 at kg =n/P. We calculate a
population difference AN =N,-N; = 1.2x10"" cm™ and a laser gain of Gp =238 em’™,

For the proposed quantum-parallel laser , the emitter contact is a pseudomorphic p-Six Gejx
alloy layer with x chosen such that it's quasi-Fermi level is just above the bottom of the HH2
miniband. To determine the Ge composition x of the emitter, the bandedge of the strained Six
Ge,« alloy was calculated with respect to the Sig25Geoss buffer. The physical paramenters of
the alloy were found by interpolation. It was found that for x=0.55, the valence bandedge of
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the emitter alloy is 6 meV above the bottom of the upper miniband and, if heavily doped p-
type, is suitable for hole injection through a thin Si tunnel barrier. The tensile strain is only
0.8% with respect to the buffer layer, so the emitter can be a few hundreds of angstroms thick
and therefore bulk-like. Similarly, x of the pseudomorphic p- Six Gei« collector contact is
chosen so that the bottom of the HH1 lower miniband is just above the collector's quasi-Fermi
level. For x=0.932 (nearly pure Ge), the collector valence band edge is an optical phonon
energy (37 meV) below the bottom of the lower miniband, thereby facilitating hole transfer
from the lower miniband to the collector. The collector is under 0.7% compressive strain. A
perspective view of the proposed Fabry-Perot laser resonator is shown in figure 9.

Conclusion: _Assuming that pure Ge and Si layers are used for the active superlattice of a
short-period quantum-parallel laser, we find that an imbalance of tensile and compressive strain
between well and barrier adds a useful degree of freedom for optimization of the laser matrix
element. Unequal strain is produced by making the buffer composition different from
Sip.sGeo.s, and if the ratio W/B is made inverse to the strain ratio, the resulting SL has zero
overall strain. For a Sig.,sGeors buffer, we calculate a 5.7x increase in |zz|, an 8x gain
enhancement, and a 2.1x increase in lasing wavelength.
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L.11 Appendix A: Quantum Parallel Laser : A Unipolar Superlattice Interminiband Laser

IEEE Photonics Technology Letters, Vol. 9, No. 5, p. 593 (1997)
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Quantum Parallel Laser: A Unipolar
Superlattice Interminiband Laser

L. Friedman. R. A. Soref. Senior Member. IEEE. and G. Sun

Abstract—Designs are given for parallel irather than cascade)
intersubband lasing in superfattice sructures of group IV and
M-V materials. Structures with population inversion due to
coupled wells have minibandwidths too parrow for coherent
transport and the incoherent interperiod rates are too small for
population of 2 significant number of periods. A single-well period
with local population inversion gives operation in the coherent
regime. An example is given for the M-V materials. Both SiGe-Si
and Si~ZnS are discussed for intersubband lasing at 1-20 ym.

Index Terms— Coherent transport. GalnAs-AllnAs, optoelec-

tronics. semiconductor lasers, silicon, SiGe-Si. Si~ZnS. superiat-
tices.

[. INTRODUCTION

HE quantum cascade laser (1] {QCL) has operated at

middle and far-infrared wavelengths. For fiber-optic com-
munications. it would be advantageous to operate this laser at
1-3-um wavelengths. However. in the near infrared. the QCL
suffers from two problems: the bias voltage V, is high (15 ~
MYV, where M is the number of periods and V, is the voltage
dropped in one period) and the electric field F approaches
or exceeds the breakdown swength (F ~ V,/P. where P
is the period width). To deal with these problems. we have
proposed and analyzed 2 new. noncascaded intersubband laser
structure. the quantum paratiel laser (QPL) whose voltages
and fields are low at 1-3-um emission wavelengths. Room-
temperature operation is expected for a A ~ | um QPL. and
the QPL superiattice structure is simpler in many respects than
the QCL strucrure. For the quantum-well material. we have
focused upon silicon because a silicon-based QPL offers hope
of low-cost integration with silicon electronic circuits.

[I. LASER STRUCTURE
The QPL is a unipolar superlartice laser in which sach

active period lases in parallel with its neighbor. unlike the.

QCL wherein a single charge carrier traverses M periods. pro-
ducing lasing in series. It is however necessary to insure that
population inversion is achieved in each period. Specifically.
in our superlartices (SL), we initially consider three coupled
wells for each period. and three bound minibands designed to
achieve population inversion between minibands 3 and 2 that
are typically heavy-hole valence minibands.
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Fig. 1. This three-~coupled-guantum-well period of the SL laser is coupled to
the next period by resonant tunnefing. For Sig =5Gen 2 wells and Si barriers.
ws = 10 A. b3y = 40 A ws = A5 by = 10A and wy = 30 A. The

etfective masses are myy(Sin =3Gen 23) = 0.262 m4. myuiSh = 0.291
mg. where mg is the free electron mass. .

As shown in Fig. 1. each period includes three QW's and
three barriers, with well widths w3, w2, w1y increasing from
narrow to wide. giving rise to subband levels £3 > E> > Ey.
The subscript 3 in wj (for example) means that the level-
3 wavefunction is localized mainly in that well. Barrier b3
is wider than bs, reducing the wavefunction overlap between
3 and 2 more than that berween 2 and 1. so that the 3=2
wransition rate is slower than the 2-1 rate. insuring population
inversion. A tunnel barrier b7 is placed between one period
and the next period. The complete superlattice interminiband
laser is illustrated in Fig. 2(a), where we have shown 2 p-
doped. wider-band-gap emitter for selective injection-of holes
into the top miniband 3. plus 2 p-doped collector layer at the
far end of the intrinsic (undoped) SL that gathers the charge
carriers wansmitted from all three levels. A flat-band condition
exists across the SL because the applied voltage cancels the
built-in voltage due to the work function difference berween
the injector and collector contacts.

1. ANALYSIS AND CALCULATIONS

We have performed a rate-equation analysis of Figs. 1 and
2(a). The results are summarized here (the details will be
published elsewhere). Here. W, is the phonon scattering rate
from level 3 to level 2. while W3 and Wa, are the 3-to-
1 and 2-to-1 rates. Also. Wig is the carrier tunneling cate
berween level 3 of one period and level 3' of the next period
(Waa and Wy, represent 2.10-2 and 1-to-1' wnneling). In
a given period. a fraction f33 of the level-3 hole current is
wransferred to level 3' of the next period (those fractions are
fao and fyy- for levels 2 and 1. respectively). Further. fi3r =
‘Vn' /(_LV;;;;- +Wia - “"31}. while fg:- = W ,-"f“’.:'_s- -+ "Vgl N
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Fig. 2. (a) Band-diagram of the ~ one-volt-biased p~ -i-p (of A~ -i-n) unipo-
lar superlattice interminiband QPL showtng emitter. Sollector. 3-2 lasing. and
rapid depopulation of 2 by strong I-1 phonon scamenng by < a0 thy
Band-diagram of single well/barner superlattice.

The above rates apply to two limiting cases: 1) coherent
miniband transport. and 2) incoherent phonon-assisted un-
neling. The literature contins several examples of coherent
miniband mansport [1]-{4] for strongly coupled SL’s. a further
example being the graded SL coupling regions of the QCL
[1]. Because of the long intersubband liferimes noted below
(10-30 ps). the thermal broadening of the levels is smaller than
their minibandwidths. However. fluctuations in layer widths
and surface roughness will reduce the coherence length. so
that case 2) above is the more likely one. especially since the
calculated minibandwidths for our proposed SiGe-Si structure
are small (<5 meV). Both cases will be discussed below.

We find that population inversion .V3; = :Va; > 0 will occur
at each period : (where i = 1. 2. ... M), provided that two
conditions are met: Wy +Woar > Wip (level 2 is depleted at a
rate faster than it is populated from level 3), and frr < fage
(tunneling 2-2’ is much less probable than tunneling 3-3').
When the M identical periods are joined together in a SL.,
levels 1. 2. 3 become minibands 1. 2. 3. Then the tunnel
rates Wi in the coherent regime [case 1] are obtained as
Wiw = 2Bi/h. where A is Planck’s constant and By is the
width in eV of miniband k. where & = 1. 2. 3. In um. By is
dependent upon the tunnel barrier width b7. For case (2), the
Wi are the rates for acoustical and optical phonon assisted
transitions. proportional to the wavefunction overlap berween
adjacent periods. Because Wyy.. Waa < Wiy, space charge
buildup will occur toward the collector. giving a redistribution
of the voltage and. if sufficiently large. make case 2) the
transport mechanism. even for an ideal structure. The laser
gain at stage i is proportional to (.V3, ~ Va;). It is important
10 note that the gain is spatially nonuniform in the Fig. 2 QPL
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because the inversion decreases progressively from stage to
stage and because of the space charge.

Our long-term goal is interminiband lasing at \ = 1.55 um.
corresponding to an 300-meV intersubband anergy difference.
Such an energy difference in Si QW's requires large valence-
band offsets between Si and the barrier materiai (Vs ~ 1.5 eV
in Fig. 1): for example. offsets provided by cubic ZnS barriers
(5]. However, the relevant carrier-phonon scattering rates in
the Si-ZnS heterosystem. a mixed polar/nonpolar system are
not known: these are under current investigation. Therefore.
to illusate the operation of the QPL. we consider instead
the Sip.-3Gen.23-Si SL of [6]. We have used the procedures
of [6] to calculate the rates W32, Wy, and Wa;. Cryogenic-
temperature operation of this SiGe-Si QPL is assumed to avoid
absorptive transitions and thermal population of minibands 2
and 3. The choice of b7 will determine how rapidly the gain
falls off from stage to stage. via the tunneling rate W

For the SiGe well widths, Si barrier widths. and effective
masses given in the Fig. 1 caption. we find that the minima of
the heavy-hole minibands HH1. HH2. and HH3 are at 524,
83.1. and 151.9 meV. Also. we calculate V3 = 0.015 ps~1.
W3 = 0.010 ps~!. and Wa, = 0.100 ps~*. These correspond
to0 2 narrow.tunnel barrier by = 20 A selected to achieve swong
tunneling. For case 1), we calculate that W7, . Wa2. and Wiar
are 0.037. 0.166. and 1.140 ps~". respectively. and that Wy
Wani. and W3 decrease exponentially with or. We also find
that faor = 0.62 and f32r = 0.97. As desired. Wa; = Wao >
Wi and faor < faz: 50 these parameters satisfy the QPL
population-inversion conditions. The ratio of laser gain in
stage-Vf of the SL to the gain in stage-1 is { faar )M

For case 2). the interperiod rates Wi, would have to be
comparable to the intraperiod rates Waa, W3y, Way in order to
populate a significant number of periods. The caiculation of the
interperiod optical-phonon-assisted transition rates follows the
procedure of Palmier er al. (7). Even for a very narrow barrier
berween adjacent periods (5 ). we calculate Wiy /Wi =
0.15. Wao / Wiz = 0.03. and Wy /Wsze = 0.002 . 100 small
for proper operation. The reason is that the barriers within
each period required for population inversion also decrease
the wavefunction overlap between adjacent periods. The same
narrow minibandwidths (1--3 meV) are found for an analogous
GaAs-AlGaAs structure [8) for the same reason. Clearly we
want a more tightly coupled superlamice exhibiting larger
minibandwidths. One very favorable case is a superlamice
consisting of a single quantum well and barrier which exhibits
intersubband lasing without global population inversion but
due to local-in-k-space inversion {9], shown in Fig. 2(b).
For a superlattice of 48 A Gay i:Ings3As wells and 40
A Alpglng soAs barriers with two minibands. the upper
and lower minibandwidths are 44 and 10 meV. respectively.
sufficient for coherent transport. The optical phonon-limited
lifetime of the upper state is 72 = 1.4 ps [9]. We calculate
faz = 0.984 and { fa2)¥ = 0.09 for M = 150. comparable
to the total number of layers of the QCL (1]. [9]. However,
due to space charge buildup in the lower miniband. a smaller
number of periods may be required in order to maintain the
coherent transport. We plan to investigate the feasibility of
local-in-k space population inversion in Si quantum wells.
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Returning to the Si-ZaS near-infrared QPL. the intersub-
band energy separations will be many tmes %T at room
temperature. so that absorptive mansitions and thermal pop-
ulation of minibands 2 and 3 will be minimal at 300 K. Due
to the higher barriers and stronger confinement. the widths of
the active regions and rnnel barriers will be rypically 10-20
A. smaller than those in SiGe-Si.

Finally. we compare the quantum efficiency of the QPL with
that of the QCL. The intenal power efficiency 7 is derined as
the optical power output of the laser per unit of electrical input
power. We note that the laser voltage is (E3 — Ey)/e for the
QPL (about one volt) compared to M (E3— E1}/e in the QCL.
If we let v denote the laser photon energy. let r (&1) denote
the probability that a carrier in level 3 makes a radiative rather
than nonradiative transiton to level 2. and let f33- denote as
before the probability that a carrier in three mnnels o level
3 of the next period rather than making a monradiative or
radiative transition to level 2 or level 1 of the same period. then
it can be shown that n(QPL) = rhu(1 = [f331¥}/(E3 = E1)
while n(QCL} = rhv/(E; — Ey}. So the efficiency ratio is
1 — (fa3)*; thus. if we arrange to make faz )M very small.
approaching zero. then the QPL and QCL efficiencies are
comparable.

IV. CONCLUSION

Numerical simulations have been performed on quantum-
parallel lasing’in Siy_-Ge./Si at cryogenic temperatures. and
estimates given for the case of coherent wansport. However,
the minibandwiths are smaller than the linewidths, so interpe-
riod transport is by phonon-assisted wnneling. However. the
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calculated interperiod rates are too small. In general we believe
that any period consisting of coupled wells is not satisfactory.
However, a supertartice of 48 A Gag. ;2Ing 53As wells and 40
X Alg.islng s2As barriers exhibiting lasing due 10 local-in-A-
space population inversion (9] operates in the coherent regime.
Other structures with larger minibandwidths require additional
investigation. The general importance of the QPL is that it is
a structuraily simple. unipolar. low-voltage intersubband laser.
nable by design over a wide wavelength range.
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Simulations of a room-temperature p-i-p coherently strained  Sig:Geys/Si  superlatuce
quantum-parallel laser diode have been made. Caiculations have been made of the local-in-k-space
population inversion between the nonparabolic heavy-hole valence minibands. HH2 and HHI.
Lasing is at 5.4 um and the optical dipole matrix element is 3.7 A. Analysis of radiative-and-phonon
scattering between the “*mixed’” bands indicates a lifetime difference between the upper and lower
states of 2.4 ps. Atan injected current density of 5000 A/cm®. a laser gain of 134 cm ™! is calculated.
© 1998 American Institute of Physics. 7S0021-8979(98)05507-8)

1. INTRODUCTION

We recently described the design of a new superlartice
interminiband laser called the quantum-parallel laser {QPL.’
This low-voltage laser operates under flatband conditions.
and is much simpler in swucture than the well-xnown
quanmum-cascade lascr (QCL).* In addition. the QPL is ca-
pable of operating at near-infrared communicatons wave-
lengths. as well as middle-infrared wavelengths. uniike the
QCL in which the electric field exceeds the dielectric break-
down sucngth’ when the laser photon energy approaches 0.8
eV.

The purpose of this article is to show. by zalculation. the
physical principles of operation of such a silicon-based QPL.
The silicon QPL would be capable of integration with ad-
vanced silicon microelectronics. We shall consider a
Geo,sSips/Si QPL comprised of identical. square quantum
wells. Though there are four minibands. only two are actuve.
The lasing wavelength is at 5.4 um. Transitions are in the
valence band and population inversion is local in k. space®
(k, is the inplane momentum) due 1o the strong valence band
nonparabolicity. Lifetimes are furthur enhanced by phonon
confinement.’ A gain of G, =134 cm™! is calcutated for a
current density of J=5000 Alem®.

1. LASER MODEL SYSTEM

The band-edge diagram of our proposed. electrically
pumped. unipolar, Si-based QPL is shown in Fig. 1. We
consider a Ge,Si, _,/Si superlauice (SL) with x=0.5 to ob-
tain a large valence band offset needed to increase the lasing
energy. As shown in Fig. 1. we have chosen the Ge,Sii -,
well width W=2.5 nm. the Si barrier width B=1.5 nm. and
the period is P=W-B=30nm. The SL is grown on a
(100) silicon substrate. For x=0.5. the critical thickness of
the compressively strained Ge,Siy - . layers is < nm for stable
strain and 10 nm for metasuble stain. For the SL stack as a
whole, with 2 mean Ge concentation of x=0.313. the cnical
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thickness is 10 nm for metastable strain. Hence with a period
of 4 nm. up to ten periods may be grown pseudomorphically:
four periods will be used in our calcuations. Hole injection is
from a larger band-gap p-SiGe emiter through a thin Si
injection barrier: the larger band gap of the emitter insures
selective injection into the bottom of the upper HH2 mini-
band as discussed below. Holes are coherently transported
through the SL on the upper miniband. Hoies that fall into
the lower miniband HH1 are collected via wnneling through
a thin Si barrier. thereby depleting that miniband.

As shown in Fig. 1, the heavy-hole (HH) valence band
offset at k=0 is Vipy=450 meV and the light-hole (LH) off-
set is ¥V ;=371 meV. For the well. the effective masses are
myu=0.24mg and my=0.178mq. while for the barrier
my=0.291mq and my;=0.200my.° Four minibands are
formed: The HHI minband with a 21 meV bandwidth ex-
tends from 96 to 117 meV at the miniband zonc boundary
k.= /P, where k_ is the superlattice wave vector and ¢ is
the growth direction. The LH1 miniband extends from 176
meV atk.=0 to 228 meV atk. = 7/ P. The HHZ miniband is
inverted in the £ ~k. plane. with a minimum at 347 meV at
k.=l P, is 115 meV wide. and extends into the continuum.
The LH2 miniband is highest in energy and plays no role.
We will comment on the role of the split-off band later in the
article. All energies are referenced to the well's HH band
edge.

1il. INTERSUBBAND LASER OPERATION

Figure 2 shows a schematic of hole energy E as a func-
tion of k, and k. where x is a dircction in the layer plane.
Holes are selectively injected near the very bottom of the
HH2 miniband at k.=m/P. Thus the initial state for the
radiative and nonradiative phonon intersubband transitions is
at the energy minimum of HH2 at k.= w/P and k. =0.

For the radiative processcs. photon emission is vertical
at k,=0 as shown by the wavy line. Radiation is from
Egp(k. =l P) 10 Egy{k.=m/P), with {E (k. ==/P)
— Eygy(k, =7/ P)]=230.5 meV. corresponding to a wave-
length of A=5.36 um. and is p polarized (along the 2 axis).

© 1998 Amencan Institute of Physics
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FIG. I. The quantum-parallel laser: p—~ —1—p diode showing asing de-
tween two valence minibands of Siy :Ge, ¢/Si superlatuce. The heavy line :s
the band edge for heavy hoies i HH).

This is the lasing transition. Weaker photon emission trom
Evpz(k.=m/P) 10 Ep g (k,=w/P) is 5 polarized {along the
x axis) and has a finite dipole matrix element due only 10 the
admixuure of vonduction band wave functions into LH1. The
first uansition is easily distinguished from the second by its
polarization and propagation direction and. with suitable op-
tical feedback (resonator geomerry), is made the lasing Tan-
sidon. A ridge-waveguide laser cavity with a TM fundamen-
tal mode is most suitable for the z-polarized radiauon. A
buik silicon substate could be employed for the resonator
because the spatially averaged index of refraction for the
superlattice is larger than that of silicon (An~0.2). How-
ever, a silicon-on-insulator (SOI) platform is preferred be-
cause the buried SiO- layer gives a much larger index differ-
ence (An~2) between the superlattice and the subswrate.
The SOI provides high Q. good mode confinement. and a
high mode overlap factor. Figure 3 illustrates the proposed
rib laser configuration with vertical end facets in a Fabry-
Perot cavity.

Consider next the nonradiative processes: At the bottom
of the HH2 miniband at k.= #/P. the miniband group ve-
locity is very small. At room temperature, the probabiiity of
opucal phonon emission is proportionai to [1 —niwy) ]
where

n{@op) =[exp( Awyp/kT) = 1171, (n

Etky, k2
4

Ky ‘n-plane
~ave vecisr

kz Superarmce
wave vector

FIG. 2. Dispersion of lowest-three valence mimibands of SigsGeqs/Si su-
perlattice as a funcuon of k, and k.. Wa, is the intersuband transition rate
and W,, is the intrasuband rate.

Fneaman, Soref, and Sun 3481

v faser emission

ias voltage

ng
waveguide

p-Si
SiGerSi aSi
caomman
elecirooe

S$i suosirate |

FIG. 3. Waveguided umpolar SiGesSi superlatuce intermimband laser
silicon-on-insulator. Fabry-Perot resonator is shown.

The emission probability is a factor of 7.25 larger than that
of phonon absorption. which is proportional 1o nf Wog,). and
this factor is still larger at lower temperatures. For the
Geg.sSiy 5 alloy, the averaged optical phonon cnergy is taken
as 51 meV. Holes absorbing a phonon are scatiered to the
center of the HH2 miniband where they rapidly transit the
superlattice and are not available for lasing. However. at 300
K. the probability of thermal promotion of holes to the center
of the upper miniband via optical phonon absorption is only
0.12. By careful selective injection into the bottom of the
upper miniband state with small group velocity. hole leakage
current to the p-type Si collector due (o tunneling from this
excited state is avoided. to within the above phonon branch-
ing ratio. Another reason for believing that 300 K laser op-
eration is feasible is that the thermal excitation of holes from
HHI 10 HH2 is negligible at 300 K.

Turning now to the nonradiative HH2-HH]1 transition in
Fig. 2, emission of an optical phonon from HH2 occurs to
superlattice states of finite in-planc momentum, k.. from
which the holes cascade down via incasubband phonon
emission. More exactly, as shown, the final states are on a
curve which is the intersection of the energy surface
Egqyy (ke k)= Epq(k.) =~ Egny(k,) and the horizontal plane
Egp(k =0 k.=w/P)=fhiwg,. We will assume that the
holes retaxing into HHI are distributed over the lower mini-
band and wansit the SL at the mean miniband velocity in
calculating the tunnel ume below. However, in the calcula-
tion of optical phonon scattering rates. we shall consider
only the in-plane wansition at k.= w/P, in the interest of
calculational simplicity.

Due to the interactions between the HH and LH states.
the in-plane valence band dispersion is highly nonparabotic.
As shown in Fig. 3. Eygy(k,) is forced to lower hole ener-
gies. Euya(k,) is forced to higher hole energies. and
Eyi(k,) becomes elecwon-like at &, =0. Thus the energy
difference {£ypy(k.) = Eygpa(k )] increases with increasing
k, and the photon emitted at k, =0 cannot be reabsorbed as
the hole cascades down the £yyy,(k,) dispersion curve. until
it reaches the minimum. More exactly. reabsorption will oc-
cur when the absorbed photon is within the linewidth of the
upper level. We therefore have a local in k-space inversion
as had been described for the InGaAs/InAlAs system by
Faist ef al..* except that here the intersubband cnergy differ-
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FIG. 4. In-plane dispersion E=Elk,) of HH1. HH2, and LH1 sands at

mimzone boundary k,=w/P of SigsGeqs/Si supertatuce. solid lines.
Dashed lines are in the absence of interaction (b= ¢=0). The ‘ong dashed
straight line shows the intersubband opucal phonon emussion. Decreasing
electron energy !increasing hole energy? is in the downward direction.

ence increases rather than decreases with &, : explicit cateu-
lation shows that at k,=0.02 A™". [Ewgulky)— Ewpnko]
has increased by 50 meV as compared to its value at <.
=0. At each step of the cascade. the hole can either make an
downward intrasubband transition by optical phonon emis-
sion or tunnel to the collector. Thus the tunnel lifetime of the
lower level is decreased by the probability that the hole cas-
cades to the minimum without tunneling to the collector.
This decreases the effective lifetime of the lower leve! and so
increases the lifetime difference between the upper and lower
lasing levels, enhancing the population inversion.

... This lifetime difference is further enhanced by phonon
confinement: namely. earlier calculations® of phonons con-
fined 1o 2 GegsSig.s layer with Si barriers gives a factor of 3
enhancement of the intersubband lifetimes due to confine-
ment [cf. Fig. 5(a) of Ref. 5], while the intrasubband lifetime
is reduced approximately by a factor of 2 [cf. Fig. Ha) of
Ref. 5]

It may appear that the existence of two nonradiative de-
cay paths for the hole in the inidal HH2 state. namely to0
HH1 and 1o LHI. would result in too small a lifetime for the
initial state. However. with increasing in-plane momentum
k., the HH1 envelope function acquires an admixmre of
light-hole wave function. while the LH1 acquires heavy-hole
character. It is knawa for bulk materials that the HH w LH
{ransition rate is one to two orders of magnitude smaller than
the HH 1o HH rate’ due to the smallness of the overlap of the
periodic pan of the Bloch functions belonging to different
energy bands.? We assume that same applies 10 confined
valence-band states so that the HH to LH rate may be ne-
glected compared to the HH 1o HH rate. Thus the net optical
phonon emission rate from HH2 to **HH1"" is decreased. this
being compensated for by an increase in the HH2 o “'LH1"
rate. Thus the intersubband scartering rate from HH2 is not
increased due to the presence of LH1. This is explicitly ac-
counted for in the calculations below.
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V. MODELING OF SiGe IN-PLANE DISPERSION

The SiGe quantum wells’ in-planc dispersion diagram is
required for the laser gain calculation. To model the in-plane
valence band dispersion. we follow the procedure  of
Bastard.” The starting point is the [4X4] Luttinger matrix
multiplying the i-column state vector whose components are
the envelope functions at &, =0 corresponding to the 3/2.3/
2y, 32.=1/2). :3/2.1/2), and 3/2.-3/2) states. respectively.
and is given by Egs. (A1) and (A2) of the Appendix. As
shown there in detail. the procedure is to expand the ¢nve-
lope functions at k, =0 in the bound state envelope finctions
at k,=0. cf. Eq. (A3). From these we obtain Eqgs. (A4)-{AT).

This procedure leads to a A m=-n)X2(m=—n) mamix.
the diagonalization of which gives the E(k,) diagram. For
the particular superlattice structure described above. there are
wo bound HH states (m=2) and two bound LH states (n
=2), at k.= m/P. As explained in the Appendix. the matrix
is of dimension 2(m—n)}X2(m—n). leading t0 the 8x8
shown in Table I. The eigenvalues ol this matrix as 2 func-
tion of k, gives the in-plane dispersion.

V. RESULTS OF IN-PLANE DISPERSION
CALCULATION

Because the wells have a center of symmety. the off-

. diagonal components of O te.g.. Oy u2) and the diagonal

components of P [e.g.. Py ) given by Eg. (A9). vanish.
For the other components. by numerical integration, we ob-
tain: Om-{u_].“ =0.9997. OHHI.LH2= 0.9932. PHHLLHI
== Pynpn = 0.0798. Pigraun = — P s = 0.07820.
Solving for the eigenvalues of the matrix by standard proce-
dures. we obtain the in-plane dispersion curves shown in Fig.
4; here electron energy is negative in the downward direction
corresponding to positive hole energy. The dotted curves are
the parabolic dispersions in the absence of interaction (b
=c=0). It is noted that the lowest eigenvalue Eg(k,) is
repelled to lower energies, increasing its in-plane effective
mass. a general result as pointed out by Bastard.’ On the
other hand. Egq(k,) is repelled to higher hole energies 5o
that the difference [ Egq(k,) = Erpnlk,)] increases with k:
this is opposite to the usual conduction band nonparabolicity
which gives a larger mass with increasing energy, thereby
decreasing the energy difference with k,. This situadon is
consider more satisfactory in supressing intersubbsnd ab-
sorption at finite k. The intermediate Ey,(k.) dispersion is
elecron-like at k,=0.

At k.= /P, the intersubband optical phonon emission
from HH? at k,=0 goes to HH1 at k,=0.1485 A", This is
180 meV above the HH1 minimum at k, =0, so three intra-
subband optical phonon emissions occur ( fiwgp =51 meV).
bringing the hole to within 25 meV from the minimum.
Similarly, the intersubband transition from HH2 goes 1o LH1 |
atk,=0.115A"%

Finally, we comment on the neglect of the split-off (SO)
band in the above analysis. Even at k=0. the SO band will
interact with the LH band'® and perturb the band-edge cner-
gies by tens of meV: this is neglected here. The valence band
offset of the SO band is shallow. only 110 meV with respect
to the SO level of the Si barrier.® This together with the small
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SO effective mass i0.07 meV at x=0.5) gives a wide SOI
miniband whose energy at k.= /P is 526 meV. above the
minimum of HH2 at 347 meV. The SO band will generaily
repel all the bands to higher (more positive} energies.'! We
are assuming that the altered nonparabolicity allows the
local-in-k-space mechanism to be operative. The inclusion of
the SO band would require further investigaton.

V1. NUMERICAL ESTIMATES OF TRANSITION RATES

Assuming unconfined phonons. the nonpolar optical
7. . L 113
phonon transition rate from state { to swate j 1s given by =+

W =(m*Do/dmphwop) [l wep) = 122 12135, (2)

where® m* =myy . Dy=8.7% 10 eVicm is the optical de-
formation potential.

p=3.83 gm/em’ 3

is the mass density of the Gey3Sips alloy. Aw,, =351 meV is
the optcal phonon energy of the ailoy,” nlwyy)
= 1/[exp(hwyy) ~ 1] is the phonon population.  /;;
= dq.;G,(g)*. and G (q,)={ilexplig=})) is the hole-
phonon overlap factor. By numerical integration. we obtain
[}{HZ-H}U=O‘1 15A7Y (intersubband). [yyy:mn =0.255A7"
(inrasubband), giving

Thee= VWiggapn =0.74 ps. @

Tom= /Wi =0.33 ps.

Applying the previously mentioned corrections due to
phonon confinement.®

Tioer =222 Pse€C. T, =0.16 ps. (5

Strictly, these correction factors apply to an isolated well®
but here we assume they apply to a superlattice. To take into
account the intersubband tansitions to0 both HHI1 and to
LHI. we calculate the normalized eigenvectors correspond-
ing to the specific final state energies. As stated above. the
initial HH2 state is at Eyyp=—347 meV. k.=7/P, k,=0.
The final HHI state at Epgy=—296 meV. k,=7/P, k.
=0.1485 A~!. Substituting these values into the eight equa-
dons given by Eqgs. (A4)-(A7), we find two degenerate
eigenvectors corresponding to the Kramers degenerate levels
13/2.3/2) and [3/2,—3/2). namely, (a;,a:.B8;.B1.71.7z2.
o.07)=(0.537,0.0.731,0.0.-0.287:.0.0.306:) and (0.
-0.306i,0.0.287i.0.731.0.537.0). For the final LHI state at
k=P, k,=0.115A7', we obtain: (0.446.0.-0.433.0.0.
—0.61i.0.-0.49i) and its degenerate counterpart. Subtract-
ing out the probabilities of the light-hole components. the net
effect of the wavefunction mixing is {0 increase iy, by 2
factor of approximately (0.8) ™! = 1.25. Thus. ig,=2.8 ps as
compared to 7, =2.22 ps given in Eq. (5).

Tinter L=

VII. TUNNELING RATE TO COLLECTOR

Holes exit the superlatice from the lower miniband
through a thin wnnel barrier to the collector. The center of
the lower miniband is at an energy of 107 meV. the barrier
height is V= V=450 meV, (m,/mg)=0.24. (my/mg)
=0.29. and we take the Si barrier to be five monolayers
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wide. 2a=(5 ML)=0.7 nm. Defining the wnnel amplirude'*
A(E.a.V) as the amplitude of the incident wave transmitied
through the barrier. we have .

A(E.a.V)=exp(i2kt E)al/{cosh[2«(E.V)a]
~i[ e E.V)2)sinhi 2x(E. V)al}.

where k(EY=[(E/Eg)(m,/mg)]"™ k(E.VY=[(V=E)Ey
X(my/mg)]'~. and

& EVV=[ .l EVVK(E))(m,,/my) = [k(EV k{E.V)]

X(myim,). (6)

The tnnel probability is T(E.a.V)=A(E.a vyt

We calculate: T(E.a.V)=0.291. This is assumed 1o be
independent of the transverse (in-plane) energy. The mean
velocity of the lower miniband is v=JAE*P/2h=6.4
% 10% cm/s. where AE=21meV is the width of the lower
miniband. Assuming the superlattice to consist of four peri-
ods. its length is L= 16 nm and the time to transit the struc-
wre is ty=L/v=0.25ps. The tunnel rate is the transit rate
multiplied by the tunnel probability W,,=(1/tz)*T(E.
a.V), and the tunnel time is .

Toun = VW, =0.86 ps. N

As pointed out by the Lucent Technologies work on the
local in k-space mechanism.® at each stage of the intrasub-
band cascade. the hole may twnnel to the collector. The prob-
ability at each stage that it cascades down rather that tunnels
is Winga/( Winma ™ Wan) = Tun/(Tun ™+ Tinga) =0.84. There are
three cascades. so the hole can tunne} or undergo intrasub-
band scanering at four junctures. Thus the probability that
the hole reaches the minimum is [ #yg /A Toun= Timira)1* = 0.5,
and the effective wnnel tme is (7)™ 7 *[Fan/(Tun
* Tyira) |7 =0.43 ps.

In summary, having applied the correction factors. the
lifetimes are ’

Tiner=2.8 PS.

(8)
(Ton)7=0.43 ps.

Vill. EMITTER AND COLLECTOR CONTACTS

The collector is {bulk) Sig<Ge, s doped p type with bo-
ron to 2% 10!? cm™3. This brings the quasi-Fermi level of
the collector 30 meV above the band edge. which is well
below the bottom of the lower miniband at 96 meV. We have
assumed a 3D density of states effective heavy-hole mass'?
of m=1.0mq at 300 K. For the emitter contact. a Geg3Sig7
alloy is chosen. Its heavy-hole band edge is 260 meV below
that of the silicon substrate and the silicon barriers of the
superlattice. When doped to 2 X 10" cm™? boron, the quasi-
Fermi level of the emitter is just at the bottem of the upper
miniband. as required. The thickness of the silicon unnel
barrier (rom the emitter is chosen to be the same as the
collector barrier, 5 ML or 7 A.
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iX. LASER GAIN
The gain is writen'
GL=0':1(JV3—:V:)T. 19

where the lasing cross section is oy=(*7ay/ng)
X(EL /T Spnsgn: 2. with ag=1/137, the fine smucture
constant. ng=3.5. the refractive index. £, = 230.5 meV. the
lasing energy. [ is the linewidth of Eyya(k,) at k.= /P,
since the initial state is at k.= «/P; we choose [ =10 meV.
Zigi2am 1S the dipole matrix clement for the lasing transi-
tion, where Zm.{:,m“=(HH3!:!HH1)=fﬁé}mz(:)-:¢m;
X(2)dz.

Here. ‘HH1)=dygy,(2) and -HH2)=dyys(2) are the en-
velope functions at k, =0 and k.= /P and satisfy antiperi-
odic boundary conditions. dugy{0)=—dy(2=P)[i=1.1]
We obtain .2ggq.an:=3.7 A. The factor r=7/8 in Eq. (9} is
the phonon branching ratio described in Sec. II. ¢f. Eq. (1) er
seq.

The population inversion difference is found from a rate
equation for the coupled two level system:

(Na= N1y = (1) Tge 1 = 7o) Y Timaer] (10

where J is the charge current density and e is the electronic
charge. We calculate (N2—N;)=7.4%10 cm™. and G,
=134 cm™! for J=5000 A/em". The gain is proportional to
the current density, and since the emitter and collector Fermi
levels are at the bottom of the upper and lower minibands.
respectively. the applied voltage required for the flatband
condition is V,=0.23 V. G/ is inversely proportional o the
value taken for [

- X, CONCLUSIONS

Simulations of a room-temperature p-i-p coherently
strained SigsGegs/Si superlattice quantum-parallel laser di-
ode have been made and a waveguided SOI resonator struc-
ture has been proposed. Calculations have been made of the
local-in-k-space population inversion between the nonpara-
bolic HH2 and HH1 valence minibands at the 5.4 um laser
wavelength where the dipole matrix element is 3.7 A. Analy-
sis of radiative-and-phonon scartering between the *‘mixed’
bands indicates a laser lifetime difference of 2.4 ps. The
non-radiative intersubband optical phonon scattering is
slower than the in-plane intrasubband scantering. The inter-
subband lifetime is enhanced and the intrasubband lifetime
decreased by phonon confinement. The effective lifetime of

Fnedman, Soref, and Sun

sequential tunneling 1o the collector. At a current density of
5000 A/em’, a laser gain of 134 ¢cm™! is calculated.

APPENDIX: MODELING OF THE IN-PLANE
DISPERSION

The SiGe quantum wells' in-plane dispersion diagram is
required for the laser gain calculation. To model the in-plane
valence band dispersion. we follow the procedure of
Bastard.’ The starting point is the [4X4] Luninger matrix
multiplying the 4-column state vector whose components are
the envelope functions at k. #0 corresponding to the ;3/2.3/
2, '3/2,=1/2). 3/2.1/2). and ;3/2,-3/2) sutes. respectively.

Hy ¢ .b ol
c* H!h 0 "b’

Heo=|

BSex 0 H, o | (aD
0 ~b* *  Hw

where

Hhh:‘Eo{‘ki'kf'NYx‘Y:)‘kS(Y:'ZY:)]‘i'f-

Hy= 'Eo{‘ki‘k;‘.)(?l “.’:)"‘kf()’l‘lf’:)]‘f- 1A2)

c=clky.ky)=3VEG valkI - kD) = i2vik k)
b=blk, k,)=2*3"Ey(k,~ik)vs(—i)dldz
=b"(k,.k,)d/dz.

where e is the uniaxial strain energy. Egq=f%/2m,
=3810 meV* A%, and the y; (i=1.2.3) are the Luttinger
parameters. At finite k,. the envelope functions are ex-
panded in the envelope functions at k. =0:

HH
:i-\.mai(px

< 1H
~iw] ﬁ|¢
V=l .ﬁ~/¢‘-”*' (A3)
=l ¥i¥
zr-!tm01¢rm

where there are m bound HH states and # bound LH states at
k. =0. Thus there are a total of 2(m+n) coefficients. Equa-
tions (A1) and (A3) are substituted into the eigenvalue equa-
ton Hrg W=EW. Considering the first row. multiplying to
the left by (¢ ) * and integrating, we obtain

@ Epii— E) = I m 1 aCrminiBi— 2 m 1ab iy ¥,= 00

the lower state is furthur decreased by the probability of i=l..m (A4
TABLE [. 8x8 matrix determining in-plane dispersion.
Mk, &k EV= .
Eyp—E 0 CHuiLn d 0 LT Y 0
Ena-E 0 cacnie buwuua 0 0 0
Sl 0 Eu-E 0 0 0 0 =bunme
chumn 0 Euo~E 0 ¢ = bucm 0
V] bl 0 0 Eyp-E 0 CunHm 0
bl 0 0 0 0 Eun—-E 0 Cumme
0 0 0 -bnue € RHILHT 0 Eyn-E
0 0 = biueun 0 0 S 0 Epz-E
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where ¢y = (@M IO gy = (0 pidM,
Following the same procedure for the second. third. and

fourth rows. we obtain

2 atmC uina @~ Bl E vt — E) T2 L mb oo, =0,
i=1,..n: {AS)

2 e tmbuin @~ Vil Eui — E) I oyl Lm0 = 0.

i=1...0: (A6)

— * -— * - - ==
E}‘l.’lbU{lHHip,‘ Ej"l-ﬁc'_HlHHiyi UI(EHHI' EY=0.

tAT)
where the following relations hold:
C]tliil;i/=(¢f-H?C*!q);ﬂ{)=(Cl-ﬁ'liLHi)*~
b =(DHUbID,
b;‘m.'wﬁ(.q’fm?b*'d’jj):(bLH;}mi)*-
c:ﬂ{iu{j=(¢f{H|C*!¢j'H)=(‘:LH/‘}-!I-!{)'~

This procedure leads to a 2(m—n)X2(m=n) mawix. te
diagonalization of which gives the E(kx) diagram. For the
particular superlattice structure described above. there are
two bound HH states (m=2) and two bound LH states in
=2), at kz=#/P, and so the mamix is of dimension $X8
and is shown in Table L.

In this marrix, all entries are functions of %, and &, . and
we have set k, =0. Explicity,
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Cmﬁ.:‘_ﬂ,zc(k‘.k).)quLLH,' (lj=l:). {AB)
bl-ﬂ‘li.LHj=b_(kr-ky}PHHi.LHj' (i.j=l.:).

where

0‘.-!HLLH1=J dzdw () * dunlz).
OHHZ.L!-E:J dzduya( ) * byl 2). (A9)
P.me.z.ﬂ::J dzdugy()*[dldz ()]

P = J dzdypa(2)*{d/dzdry(2)].
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